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We revisit the electroweak phase transition and the critical bubble in the scale invariant two Higgs 
doublet model in the light of recent LHC data. Moreover, the sphaleron decoupling condition is newly 
evaluated in this model. The analysis is done by using the resummed ﬁnite-temperature one-loop 
effective potential. It is found that the 125 GeV Higgs boson inevitably leads to the strong ﬁrst-order 
electroweak phase transition, and the strength of which is always large enough to satisfy the sphaleron 
decoupling condition, vN/TN > 1.2, where TN denotes a nucleation temperature and vN is the Higgs 
vacuum expectation value at TN . In this model, even if the Higgs boson couplings to gauge bosons and 
fermions are similar to the standard model values, the signal strength of the Higgs decay to two photons 
is reduced by 10% and the triple Higgs boson coupling is enhanced by 82% compared to the standard 
model prediction.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
One of the observational facts that needs new physics beyond 
the standard model (SM) is the baryon asymmetry of the Universe 
(BAU) [1],
nB
s
= (8.59± 0.11) × 10−11 (Planck) (1)
where nB (s) denotes the baryon number (entropy) density. Al-
though many mechanisms that can explain the observed value 
exist in the literature, electroweak baryogenesis (EWBG) [2] is the 
only scenario that is ripe for veriﬁcation by collider experiments, 
such as the Large Hadron Collider (LHC), and by low energy ex-
periments, such as the electric dipole moments of the neutron, 
atoms and molecules. Since EWBG is intimately connected to Higgs 
physics, the establishment of the Higgs sector plays an essential 
role in testing it, and the discovery of the Higgs boson at the 
LHC in 2012 [3,4] is the ﬁrst step toward the collider probe of 
EWBG. Indeed, since the Higgs boson mass that is one of the rel-
evant parameters for the electroweak phase transition (EWPT) has 
been measured with 0.2% accuracy, mH = 125.09 ± 0.21 (stat.) ±
0.11 (syst.) GeV [5], the feasible regions of EWBG have been 
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SCOAP3.narrowed down in various models [6]. In upcoming experiments, 
such as the LHC Run-II and the High-Luminosity LHC [7], the Higgs 
boson couplings to the SM particles would be measured with bet-
ter precision, and the international linear collider (ILC) [8] has 
the great capability of measuring the triple Higgs boson coupling, 
which may yield a decisive clue to the EWBG hypothesis.
In order for EWBG to be successful, the EWPT has to be strongly 
ﬁrst order. The properties of the EWPT are related not only to the 
Higgs boson mass and model parameters but also to electroweak 
symmetry breaking mechanisms. An interesting possibility is the 
so-called Coleman–Weinberg (CW) mechanism [9,10] in which 
quantum effects induce the symmetry breaking. The scale invari-
ant two Higgs doublet model (SI-2HDM) [11–16] is one of such 
examples,1 and the previous work [12] shows that the SI-2HDM 
can have the strong ﬁrst-order EWPT.2 At the time of their anal-
ysis, however, the masses of the Higgs boson and top quark were 
not known. Moreover, on the theoretical front, neither a thermal 
resummation for the effective potential nor the evaluation of a 
baryon number preservation condition (also called a sphaleron de-
coupling condition) were conducted in Ref. [12].
1 The CW mechanism does not work in the SM since the top quark is too massive 
to give the stable vacuum.
2 An analysis of the EWPT in a scale invariant SM with a singlet scalar can be 
found in Ref. [17]. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
K. Fuyuto, E. Senaha / Physics Letters B 747 (2015) 152–157 153In this Letter, we update the analysis of the EWPT including the 
evaluation of bubble wall proﬁles, and obtain the sphaleron de-
coupling condition by taking the recent LHC data into account. In 
our study, we use the ﬁnite-temperature one-loop effective poten-
tial with daisy resummation. The phenomenological consequences 
of the sphaleron decoupling condition are also brieﬂy discussed. As 
studied in the previous works [18,19], we evaluate the deviations 
of the Higgs boson couplings from their SM values in the region 
where the strong ﬁrst-order EWPT is achieved.
The paper is organized as follows. We give a quick review of 
the SI-2HDM in Section 2, and the Higgs boson couplings are pre-
sented in Section 3. The sphaleron decoupling condition and the 
critical bubbles are discussed in Section 4. We show our results in 
Section 5, and conclusions and discussions are given in Section 6.
2. The model
The SI-2HDM is a minimal scale invariant extension of the SM 
by adding another Higgs doublet ﬁeld. The most general Higgs po-
tential at the renormalizable level is given by
V0 = λ1
2
(
†
11)
2 + λ2
2
(
†
22)
2 + λ3(†11)(†22)
+ λ4(†12)(†21) +
{
λ5
2
(
†
12)
2
+ λ6(†11)(†12) + λ7(†22)(†12) + h.c.
}
. (2)
After two Higgs doublets get vacuum expectation values (VEVs), 
they are cast into the form
i(x) =
(
φ+i (x)
1√
2
(vi + hi(x) + iai(x))
)
, i = 1,2, (3)
where v1 = v cosβ and v2 = v sinβ with 0 ≤ β ≤ π/2, and v 
246 GeV. In order to avoid Higgs-mediated ﬂavor changing neutral 
current (FCNC) processes at the tree level, we impose a Z2 sym-
metry (1 → −1, 2 → 2), which leads to λ6 = λ7 = 0 [20]. 
The phase of λ5 is removed by an appropriate ﬁeld redeﬁnition of 
the Higgs doublets, so that CP is conserved.
Following a method by Gildener and Weinberg [10], we con-
sider the EW symmetry breaking in a ﬂat direction. The tree-level 
effective potential takes the form
V0(ϕ1,ϕ2) = λ1
8
ϕ41 +
λ2
8
ϕ42 +
λ345
4
ϕ21ϕ
2
2 , (4)
where ϕ1 and ϕ2 are the constant background ﬁelds of the two 
Higgs doublets and λ345 = λ3 + λ4 + λ5.
The tadpole conditions that are deﬁned as the ﬁrst derivatives 
of V0 with respect to ϕ1,2 give the following conditions:
λ345 +
√
λ1λ2 = 0, λ1v41 = λ2v42. (5)
With these conditions, it follows that V0(v1, v2) = 0. Moreover, 
since the mass matrix of h1 and h2 is written as
M2tree =
(
λ1v21 λ345v1v2
λ345v1v2 λ2v22
)
, (6)
one ﬁnds det(M2tree) = 0 using Eq. (5). The appearance of the 
massless particle is the consequence of the classical scale invari-
ance. We deﬁne h and H as the mass eigenstates of the CP-even 
Higgs bosons, which are obtained by(
h1
)
=
(
cosα − sinα)( H )
, (7)
h2 sinα cosα hwhere −π/2 ≤ α ≤ 0. In the following discussion, h is the SM-like 
Higgs boson whose mass is zero at the tree level and is generated 
by the quantum corrections. It can be proved that α = β − π/2 at 
the tree level, and consequently, the Higgs boson couplings to the 
gauge bosons and fermions are the same as those in the SM.
As mentioned above, h becomes massive as the result of the 
radiative EW symmetry breaking. The one-loop effective potential 
is [9,21]
V1(ϕ) =
∑
i
ni
m¯4i (ϕ)
64π2
(
log
m¯2i (ϕ)
μ¯2
− ci
)
, (8)
where ϕ =
√
ϕ21 + ϕ22 and i = H, A, H±, W±, Z , t, b, and ci =
3/2 (5/6) for scalars and fermions (gauge bosons) and μ¯ denotes 
a renormalization scale. A and H± are the physical CP-odd and 
charged Higgs bosons, respectively. ni are the degrees of freedom 
and the statistics of the particle i:
nH = nA = 1, nH± = 2, nW± = 3 · 2,
nZ = 3, nt = nb = −12. (9)
The ﬁeld-dependent masses can be written as m¯2i = m2i ϕ2/v2, 
where mi are the corresponding masses in the vacuum, so that 
V1(ϕ) is reduced to
V1(ϕ) = Aϕ4 + Bϕ4 log ϕ
2
μ¯2
, (10)
with
A =
∑
i
ni
m4i
64π2v4
(
log
m2i
v2
− ci
)
, B =
∑
i
ni
m4i
64π2v4
. (11)
As can be seen from the tadpole condition of V1(ϕ), we have a re-
lationship between the scale of v and the renormalization scale μ¯, 
i.e., v2 = μ¯2e−1/2−A/B , as the consequence of dimensional trans-
mutation. From Eqs. (10) and (11), it is easily checked that the 
vacuum energy becomes V1(v) = −Bv4/2, which implies that the 
electroweak symmetry is broken unless B is negative. It should be 
noted that since A and B are the same order in the coupling, i.e., 
O(g4), where g collectively denotes the coupling constants in this 
model, A/B should be O(1), so the log(v2/μ¯2) ∼ O(1). In other 
directions, however, A may be O(g2) and thus log(v2/μ¯2) ∼ 1/g2, 
which may invalidate the perturbative calculation, as advocated in 
Ref. [10].
The mass of h is obtained by taking the second derivative of 
V1(ϕ) and evaluating it at ϕ = v ,
m2h =
∂2V1(ϕ)
∂ϕ2
∣∣∣∣
ϕ=v
= 8Bv2. (12)
We remark that thanks to the loop contributions from H , A and 
H± , B can be positive in contrast to the SM case, rendering m2h
positive. Interestingly, once mh = 125 GeV is ﬁxed, the possible 
ranges of mH , mA and mH± are restricted. In this Letter, we con-
sider a case that mA = mH± in order to satisfy the constraint 
coming from the ρ parameter [22]. Therefore, the heavy Higgs 
mass scales are speciﬁed by only two parameters. In what follows, 
mH and mA are chosen.
3. Higgs boson couplings
The Higgs boson couplings to gauge bosons and fermions nor-
malized to the SM values are, respectively, given by
κV = g
SI-2HDM
hV V
gSM
, κ f =
gSI-2HDMhf f
gSM
, (13)hV V hf f
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α = β − π/2 at the tree level. Even in such a situation, the so-
called nondecoupling effects may appear in the loop processes. For 
instance, as pointed out in Ref. [23], the h → γ γ mode may be 
signiﬁcantly modiﬁed by the charged Higgs boson loop. The Higgs 
signal strength of h → γ γ is deﬁned as
μγγ = σ(pp → h)SI-2HDMBr(h → γ γ )SI-2HDM
σ(pp → h)SMBr(h → γ γ )SM

∣∣∣∣1+ AH±ASM
∣∣∣∣
2
, (14)
where ASM = −6.49 [24] and AH± = −τH±
(
1 − τH± f (τH± )
)
with 
τH± = 4m2H±/m2h , and f is a loop function deﬁned in Ref. [25].
The another nondecoupling effect may appear in the triple 
Higgs boson coupling. The deviation of the triple Higgs boson cou-
pling from its SM value is deﬁned as
λhhh =
λSI-2HDMhhh − λSMhhh
λSMhhh
. (15)
In this analysis, we use the following expression as the SM predic-
tion [26]
λSMhhh =
3m2h
v
⎡
⎣1+ 9m2h
32π2v2
+
∑
i=W ,Z ,t,b
ni
m4i
12π2m2hv
2
⎤
⎦ . (16)
Note that the dominant one-loop contribution comes from the top 
quark loop, which renders λhhh smaller compared to the leading 
result. In the SI-2HDM, the triple Higgs boson coupling to leading 
order is simply expressed in terms of mh and v [27,28]
λSI-2HDMhhh =
∂3V1(ϕ)
∂ϕ3
∣∣∣∣
ϕ=v
= 40Bv = 5m
2
h
v
. (17)
Unlike the ordinary 2HDM, the leading result in the SI-2HDM does 
not the same as the leading one in the SM even in the case that 
β−α = π/2, which reﬂects the different origins of the electroweak 
symmetry breaking.
4. Sphaleron decoupling condition and critical bubbles
In EWBG, in order to preserve the generated BAU until to-
day, the sphaleron process must be decoupled right after the 
electroweak symmetry breaking. This condition (the so-called 
sphaleron decoupling condition) is given by

(b)
B (T ) < H(T ), (18)
where (b)B (T ) is the baryon number changing rate in the broken 
phase, and H(T ) is the Hubble constant. Eq. (18) can be translated 
into
v(T )
T
>
g2
4πE(T )
[
42.97+ logN − 2 log
(
T
100 GeV
)
+ · · ·
]
≡ ζsph(T ), (19)
where the sphaleron energy is denoted as Esph = 4π v(T )E(T )/g2, 
with g2 being the SU(2) gauge coupling. N represents the trans-
lational and rotational zero-mode factors of the ﬂuctuations about 
the sphaleron. Since logN is subleading, we will not include it in 
determining ζsph(T ).
In our numerical analysis, we ﬁrst evaluate both TC and vC , 
where TC stands for a critical temperature at which the two de-
generate minima appear in the effective potential, and vC is the 
VEV of the Higgs ﬁelds at TC . The EWPT is studied in the direction of ϕ , and tanβ is ﬁxed by that at T = 0. We use the resummed 
ﬁnite-temperature one-loop effective potential
Veff(ϕ, T ) =
∑
i
ni
[
M¯4i (ϕ, T )
64π2
(
log
M¯2i (ϕ, T )
μ¯2
− ci
)
+ T
4
2π2
I B,F
(
M¯2i (ϕ, T )
T 2
)]
, (20)
where
I B,F (a
2) =
∞∫
0
dx x2 log
(
1∓ e−
√
x2+a2) , (21)
with the upper (lower) sign for bosons (fermions). M¯2i (ϕ, T ) are 
the thermally corrected boson masses deﬁned as M¯2i (ϕ, T ) =
m¯2i (ϕ) +i(T ) where i(T ) are the ﬁnite-temperature self-energy. 
Here, we consider the leading O(T 2) terms [29]
(T ) = T
2
12v2
[
6m2W + 3m2Z +m2H +m2A + 2m2H±
+ 6(m2t +m2b)], (22)
W (T ) = 2g22T 2, B(T ) = 2g21T 2, (23)
where  for the Higgs bosons, W and B for the SU(2) and 
U(1) gauge bosons, respectively. Note that the only longitudinal 
part of the gauge boson self-energy is thermally corrected.
In solving the equations of motion for the sphaleron conﬁgura-
tions, the resummed effective potential Eq. (20) is used, while the 
thermal resummation for the kinetic energy part of the sphaleron 
energy functional is not performed for the sake of simplicity. It 
is interesting to quantify such a resummation effect. However, we 
will not pursue it in this Letter. The detailed analysis will be given 
elsewhere.
After ﬁnding TC , we evaluate the sphaleron energy at that tem-
perature (for a detailed calculation, see, e.g., Refs. [30–32]). Since 
the dominant contribution in the right-handed side of Eq. (19)
comes from E(T ), we neglect the logarithmic terms in our numer-
ical analysis.
It should be noted that the EWPT does not start at T = TC . In 
order for the EWPT to occur, the bubbles must be nucleated at 
somewhat below TC . Only the bubbles that have larger size than 
some critical value can grow. The bubbles of this critical size is 
called the critical bubble. The EWPT proceeds to develop if the 
bubble nucleation rate is larger than a certain value, and then the 
Universe is ﬁnally ﬁlled with the broken phase. We deﬁne the nu-
cleation temperature (TN ) by the condition
N(TN )/H
3(TN) = H(TN), (24)
where N(TN ) denotes the bubble nucleation rate per unit time 
per unit volume at TN [33]. From Eq. (24), it follows that
Ecb(TN)
TN
− 3
2
log
Ecb(TN)
TN
= 152.59− 2 log g∗(TN ) − 4 log
(
TN
100 GeV
)
, (25)
where Ecb(TN ) is the energy of the critical bubble and g∗(TN ) rep-
resents the degrees of freedom of the relativistic particles at TN . As 
seen from Eq. (25), Ecb/T  150 is needed for development of the 
EWPT.
We closely follow a method in [32] to evaluate Ecb(T ). The crit-
ical bubbles are estimated from the following energy functional
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∫
d3x
[
(∂i1)
†∂i1 + (∂i2)†∂i2
+ Veff(1,2, T )
]
, (26)
where the gauge ﬁelds are assumed to take the pure-gauge conﬁg-
uration so that they do not contribute to the energy of the critical 
bubbles. Veff appearing in Eq. (26) is the resummed effective po-
tential given in Eq. (20). The classical Higgs ﬁelds are parametrized 
as
1(r) = 1√
2
(
0
ρ1(r)
)
, 2(r) = 1√
2
(
0
ρ2(r)
)
, (27)
where ρ1(r) = ρ(r) cosβ , ρ2(r) = ρ(r) sinβ , r = |x|, and here tanβ
is ﬁxed by that at T = 0 as mentioned above. In the numerical 
analysis, it is convenient to change r and ρi into the following 
dimensionless quantities:
ξ = v(T )r, h1(ξ) = ρ1(r)
v(T ) cosβ
, h2(ξ) = ρ2(r)
v(T ) sinβ
. (28)
The proﬁles of hi(ξ) are obtained by solving the equations of mo-
tion
− 1
ξ2
d
dξ
(
ξ2
dh1(2)
dξ
)
+ 1
v4(T ) cos2 β(sin2 β)
dVeff
dh1(2)
= 0, (29)
with the boundary conditions: dh1,2(ξ)/dξ
∣∣
ξ=0 = 0 and h1,2(ξ =
∞) = 0. With those solutions, Ecb(T ) is evaluated.
It is known that the bubble solutions are approximately given 
by a kink-conﬁguration
ρi(r) ∼ vi(T )
[
1− tanh
(
r − R
Lw
)]
, (30)
where R and Lw are the radius and wall width of the bubbles, 
respectively. We use this as the initial conﬁguration to derive the 
bubble solutions by using the relaxation method. For more details 
about the numerical method, see, e.g., Ref. [32].
5. Numerical results
In the SI-2HDM, there are ﬁve parameters in the tree-level po-
tential:
λ1, λ2, λ3, λ4, λ5. (31)
In our analysis, we replace them with the following physical pa-
rameters:
mH , mA, mH± , β, v. (32)
We take mH± = mA as mentioned in Section 2. Since Veff does 
not depend on tanβ explicitly, the results obtaining from it do not 
either, except for the cutoff of the model, as will be discussed in 
the following.
In Fig. 1, we show the contours of the Higgs boson mass and 
vC/TC in the (mH , mA) plane. The black solid (gray dashed) 
line indicates the parameter region where mh = 125 (80, 200,
250) GeV. As can be seen from Eq. (12), the Higgs boson mass 
gets larger as mH and mA increase. The white contours rep-
resent the magnitude of vC/TC . These contours indicate that 
the size of vC/TC becomes smaller as mH and mA get heav-
ier. Since the thermal effects from the heavy Higgs bosons cause 
the ﬁrst-order EWPT in this model, vC/TC would be proportional 
to v 
∑
i m
3
i / 
∑
i m
4
i , i = H, A, H±, from the high-temperature ap-
proximation argument. This may explain the behavior of vC/TC
qualitatively. As a benchmark point, we take mh = 125 GeVFig. 1. Contours of the Higgs boson mass and vC /TC in the (mH , mA) plane. The 
solid line in black corresponds to mh = 125 GeV, and the dashed lines in gray in-
dicate mh = 80, 200 and 250 GeV from bottom to top. The each contour in white 
represents vC /TC = 1.1, 1.5, 2.0, 3.0 and 4.0 from top to bottom.
Fig. 2. Bubble proﬁles of h1,2(ξ) at T = TN . In this plot, we set mh = 125 GeV and 
mH =mA = 382 GeV.
and mH = mA = 382 GeV. In this case, we ﬁnd that vC/TC =
211 GeV/91.5 GeV = 2.31 and ζsph(TC ) = 1.23. Therefore, even 
though ζsph is greater than the conventional criterion by 23%, 
vC/TC is large enough to satisfy the sphaleron decoupling con-
dition. It is also found that ζsph(TC ) is almost constant on the 
black line while vC/TC gets slightly weakened in the region where 
mH  500 GeV since the thermal effect of H loop is suppressed.
In Fig. 2, the proﬁles of h1,2(ξ) is shown, here h1(ξ) = h2(ξ)
by construction. Our numerical calculation shows that vN/TN =
229 GeV/77.8 GeV = 2.94, ζsph(TN ) = 1.20 and Ecb(TN )/TN =
151.7. The degrees of the supercooling is about 15%, i.e., (TC −
TN)/TC = 0.15, which is more or less the same as the previous 
estimate [12].
Let us brieﬂy make a comparison between the SI-2HDM and 
the minimal supersymmetric SM (MSSM). Unlike the SI-2HDM, the 
supercooling in the MSSM case is rather small, e.g., O(10−3) [32], 
and the bubble wall width in the SI-2HDM is thinner than that 
in the MSSM, which is due to the stronger ﬁrst-order EWPT com-
pared to the MSSM case. Since a CP violating source term may 
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The benchmark point for the strong ﬁrst-order 
EWPT and the nucleation of the bubbles, where 
we take mh = 125 GeV and mH =mA =mH± . For 
the evaluation of , tanβ = 1 is used.
mH 382 GeV
vC /TC 211 GeV/91.5 GeV = 2.31
ζsph(TC ) 1.23
vN/TN 229 GeV/77.8 GeV = 2.94
ζsph(TN ) 1.20
Ecb(TN )/TN 151.7
κV 1.0
κ f 1.0
μγγ 0.90
λhhh 82.1%
 6.3 TeV
be proportional to the gradient of the bubble wall [2], the baryon 
number generation may be more eﬃcient than the MSSM case. To 
this end, of course, the current model has to be extended to have 
an extra source of CP violation.
In Table 1, our numerical results in a benchmark point are 
summarized. In the SI-2HDM, the strong ﬁrst-order EWPT is the 
inevitable consequence from the requirement of the 125 GeV Higgs 
boson. In this case, the signiﬁcant deviations may appear in μγγ
and λhhh . The direct search of the heavy Higgs bosons is also im-
portant to test this scenario [34]. We leave the detailed study of it 
to future work.
Finally, we comment on the cutoff scale () of this model. Here, 
 is determined by a scale at which |λi | > 4π is obtained. In doing 
so, we use the one-loop renormalization group equations [35]. As 
an example, tanβ = 1 is taken. It is found that  = 6.3 TeV, which 
is extremely low compared to a typical grand uniﬁcation scale, 
∼ 1016 GeV. Since λ1 ∝ tan2 β and λ2 ∝ 1/ tan2 β , the cases for 
tanβ > 1 and tanβ < 1 yield the lower cutoff scales than 6.3 TeV. 
Our analysis has reconﬁrmed the previous results [14,16].
6. Conclusions and discussions
We have revisited the EWPT and the proﬁles of the critical 
bubbles in the SI-2HDM in the light of the 125 GeV Higgs bo-
son. We improved these analyses by using the ﬁnite temperature 
one-loop effective potential with thermal resummation. In this 
model, the heavy Higgs mass scales are ﬁxed to be consistent with 
the mh = 125 GeV. In our benchmark point, mH = mA = mH± =
382 GeV, we found that vC/TC = 211 GeV/91.5 GeV = 2.31 and 
ζsph(TC ) = 1.23. At the nucleation temperature, they are changed 
into vN/TN = 229 GeV/77.8 GeV= 2.94 and ζsph(TN ) = 1.20. Even 
though ζsph in the SI-2HDM is greater than the conventional crite-
rion by about 20%, the ﬁrst-order EWPT is strong enough to satisfy 
the sphaleron decoupling condition.
We also studied the deviations of the Higgs boson couplings 
from the SM predictions. It was found that even though the Higgs 
boson couplings to the gauge bosons and fermions are SM like, the 
signiﬁcant deviations may appear in the h → γ γ mode and the 
triple Higgs boson coupling due to the nondecoupling effects of the 
heavy Higgs boson loops. In our benchmark point, the Higgs signal 
strength of h → γ γ is reduced by 10% and the triple Higgs boson 
coupling is enhanced by 82.1%. Such deviations may be detectable 
in the future experiments such as the High-Luminosity LHC [7] and 
the ILC [8].
There are some issues to be solved. In order to obtain the 
baryon asymmetry, an extra source of CP violation is needed as 
mentioned in the previous section. To this end, we may aug-ment this model by adding the extra fermions in a scale-invariant 
way. The current analysis would not be much modiﬁed as long 
as the strength of the interactions between new particles and the 
Higgs boson are moderate. Furthermore, since the cutoff of the 
model is rather small, the UV completion is needed. However, 
constructing a complete model is beyond the scope of this Let-
ter.
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